A detailed analysis highlighting the effect of optomechanical non-linearity on the dynamical evolution of a hybrid electro-optomechanical system (EOMS) is presented. The study, conducted over a wide range of parameter regime reveals that the quadratic coupling term significantly alters the dynamics of the system and thus cannot be ignored for any potential applications.
I. INTRODUCTION
The interest in cavity optomechanics (OM) has seen a big spike in recent years. Experimental realizations of such systems [1] have considered a wide range of masses for mechanical elements, ranging from a few nanograms [2] all the way to a few kilograms [3] . Many features have been observed viz., the normal-mode splitting [4] [5] [6] , optomechanically induced transparency (OMIT) [7] [8] [9] [10] [11] , sideband cooling [12] [13] [14] [15] [16] [17] [18] [19] , and mechanical squeezing [20] [21] [22] , across different parameter regimes. To achieve greater control over these features for potential applications, additional hybrid elements are added to the OM system. Hybrid elements like multi-level atoms [23] [24] [25] [26] [27] [28] [29] [30] [31] , Bose-Einstein condensate (BEC) [32] , charged objects [33] [34] [35] [36] , quantum well [37, 38] , to name a few, have been incorporated and widely studied. Many earlier studies have also used coherent mechanical pumps to boost the OM coupling in hybrid OM systems, thus enhancing lowcoupling regime features [37, [39] [40] [41] [42] [43] .
In the present study, a hybrid Electro-optomechanical system (EOMS) is considered. In earlier works on EOMS, features analogous to those observed in traditional OM systems like microwave-controlled OMIT, optomechanically induced absorption (OMIA) [44, 45] and higherorder sideband generation [46, 47] have been reported. One of the major applications for such a system is that of a bi-directional microwave to optical convertor. These type of convertors have significant potential for application in the fields of quantum information and quantum communications. This has been made feasible since the mechanical mode acts as a link between the optical and microwave modes, which are otherwise uncoupled. Recent research on such convertors is addressed in references [48] [49] [50] [51] [52] [53] .
Recent theoretical and experimental studies have highlighted the promising effects of quadratic coupling in OM systems. The "membrane in the middle" configuration [54] or usage of ultracold atoms [55] were some of the ways to achieve a quadratically coupled OM system. Features like OMIT [56] , mechanical squeezing [57] , photon blockade [58] , ground-state cooling [59] , optical amplification * palsp@uohyd.ernet.in [60] , slow light [61] , optomechanically induced opacity [62] and also a recent proposal for a highly sensitive mass sensor [63] have been reported for these systems. Additionally, Karuza et al. [64] and Xuereb et al. [65] have demonstrated methods of tuning the sign of the quadratic coupling through tilting of the membrane at an angle and positioning the dielectric spheres at the node or antinode of the cavity, respectively. While the above mentioned features arose by considering purely quadratic OM interaction, similar features like OMIT [66] , optical bistability [67] , optical and mechanical squeezing [68, 69] , and normal mode splitting at lower pump powers [70] , have been reported in systems considering both linear and quadratic coupling terms. Dalafi et al. [71] looked at the effects of adding the quadratic term in an OM system coupled with BEC.
Chaos and non-linear behaviour have been studied in a wide variety of areas with numerous applications, in particular, in the functioning of random number generators [72] and in encrypted communications [73] [74] [75] . In OM systems, there have been numerous reports detailing the emergence of chaos in both standard and hybrid systems through theoretical and experimental means [32, [76] [77] [78] [79] [80] [81] [82] . The key objective to achieve, while studying such systems, is to be able to manipulate/control the random behaviour for potential applications and some of the above cited studies have attempted to address this question.Occurrence of chaos in typical OM systems necessitates the use of large pump powers which is not feasible for such systems consisting of nanomechanical mirrors. Adding a hybrid element would provide a means to control the system while also keeping the system parameters within experimental bounds.
Recently, Wang et al. [83] reported chaos in a hybrid EOMS, wherein they have considered OM interactions up to first order. One of the key features of their proposal was that the microwave mode and optical mode are indirectly coupled through the mechanical resonator, thereby keeping the control and generation points distinct. In this context it would be of interest to examine the non-linear effects in such systems as generally, chaos is known to be highly sensitive to a system's initial conditions. With this motivation, we carry out a study of non-linear dynamics in a hybrid EOMS with the inclusion of an additional quadratic interaction term. A detailed analysis of how the non-linearity affects the interplay be-arXiv:1911.09940v1 [physics.optics] 22 Nov 2019 tween the microwave and optical fields and the system dynamics is presented.
The paper is structured as follows. The system configuration along with its dynamics, i.e., Hamiltonian and the equations of motion are presented in Section II. In order to distinguish between the effects arising due to the microwave field and the optical fields (with the inclusion of the quadratic interaction term), the study is presented in two different sections. Section III discusses the results of the microwave field effects, reporting the onset of chaos as well as the sensitivity of the system's response to the microwave field, while section IV explores the effect of the optical fields on the system dynamics. Summary and conclusions are presented in section V.
II. SYSTEM FRAMEWORK

FIG. 1: Schematic of a hybrid Electro-Optomechanical system (EOMS)
A hybrid EOMS, a schematic of which is shown in Figure 1, consisting of a mechanical mode (oscillator) coupled to an optical mode (Fabry-Perot cavity) and a microwave mode (LC circuit), is considered for the present study. Control fields from both ends are used to drive the cavity and the LC circuit respectively. The Hamiltonian, incorporating the various interactions present in the system, can be written as H tot = H 0 + H 1 where the first term accounts for the energies of each of the sub-systems and the second term describes the interactions between different sub-systems considered here.
The first two terms in H 0 refer to the cavity and microwave mode energies, with frequencies ω o (fundamental mode) and ω a = 1 √ LC respectively. The L and C appearing in the above expression are the inductance and capacitance of the microwave circuit. o (a) and o † (a † ) are the annihilation and creation operators of the cavity (microwave) field, respectively. The third and fourth terms in H 0 together represent the energy of the mechanical mode (mirror), where q and p represent the position and momentum coordinates of the mirror. The fifth (sixth) term represents the field driving the cavity (microwave circuit) with frequency ω ol (ω al ) and amplitude o ( a ). Taking into account damping and decay processes, the Heisenberg-Langevin equations of motion are obtained aṡ
In the above, o r (a r ) and o i (a i ) are the real and imaginary parts of the optical (microwave) field respectively, such that, <ô >= o r + i o i and <â >= a r + i a i . Here
detuning and φ is the relative phase between the optical and microwave driving fields. The quantity of interest here is the optical intensity I o given by I o = o 2 r + o 2 i , which can be obtained by solving the system of differential equations for o r and o i . It would also be of interest to study the dynamical evolution of I o , derived using the above equations as
We have obtained a set of coupled non-linear differential equations (Eq. 2) that describe the time evolution of the system. Determining the analytical solution of such a system of equations is highly cumbersome. Instead, numerical simulations of this set of differential equations, over a sufficient time interval, for an exhaustive parameter range will be carried out, which will provide valuable insights into the dynamical behaviour of the system.
Using the ode45 function, which utilises the fourthorder Runge-Kutta (R-K) method, the optical intensity (I o ) as a function of time and the time rate of change of intensityİ is calculated, giving the phase space plot (İ vs I). The initial condition for each of the system variables are set to zero and time evolution of the system is studied, results of which are presented in the next section.
III. MICROWAVE FIELD VARIATION
In this section, a detailed study of the system dynamics is presented at a relatively low optical power (P o = 0.5mW ), over a range of microwave powers, with inclusion of the quadratic OM interaction term.
A. Emergence of Chaos and Sensitivity
To start, the relative coupling strength defined as the ratio of the the quadratic coupling constant to the linear coupling term is fixed at α quad α lin = 10 −6 . For low driving powers, the system exhibits periodic behaviour as demonstrated in Figure 2 -(a). At P a = 5.97 µW , the first occurrence of random behaviour is seen in the system (Figure 2-(b) ). For a small incremental change in power to P a = 6.09 µW , the system tends to periodic behaviour again (Figure 2-(c) ) before displaying chaotic behaviour at P a = 6.67 µW (( Figure 2-(d) ) . These results are found to be in agreement with that of the linear case (α quad = 0) as expected, as the non-linear effects will start to emerge only for higher powers of the microwave driving field. Alternatively, the power of the optical field can be boosted to observe any non-linear effects and this idea is elaborated in Section IV.
This study has been repeated over a wide range of microwave powers and it is observed that the system goes through multiple cycles of chaos -order -chaos throughout, as demonstrated in Figure 3 . Incremental changes in microwave field required in order to see such fluctuations vary from as low as 0.01 µW in some cases, to a few µW . The system is thus highly responsive to the microwave power, which complements the fact that the microwave field has a significant impact on the nature of the OM coupling. The precise form of such an influence cannot be ascertained as it is not possible to obtain an analytical solution of the system of equations.
B. Change in chaotic lifetime
The period for which a system exhibits random behaviour is termed as its chaotic lifetime and such a behaviour is referred to as transient chaos [84] . For cer- tain microwave powers, the system is seen to exhibit a finite lifetime of chaos, before settling into periodic behaviour. Since the focus here is to explore the regime where non-linear effects become significant, the results are presented for each case, with and without the inclusion of the quadratic coupling term.
Though numerous cases were observed, where the quadratic term affects the chaotic lifetime, however, in Figure 4 we show the results only for those parameters, where a significant change is evident. These results show that the quadratic term does not have a uniform influence on the system dynamics. For instance, Figure 4-(a) shows a decrease in lifetime at P a = 28.6 µW , whereas in Figure 4 , an increase in chaotic lifetime is observed. This non-uniform behaviour can be attributed to the fact that the inclusion of the second-order coupling term increases the non-linear nature of the interaction, thus altering the system dynamics in a pronounced manner. These results indicate that the quadratic term cannot be ignored even for coupling ratios as small as 10 −6 .
C. Effect of relative phase between the fields
Upon transforming the Hamiltonian, the relative phase φ between the optical and microwave pump lasers enters the equations of motion as shown in Equation 2. In the previous section, the relative phase was kept fixed at zero. The focus now, is on the change in the chaotic lifetime as the relative phase between the fields is varied. Figure 5 shows the variation in lifetime with respect to the relative phase, for both the linear and non-linear cases. There is a significant difference in the lifetime between the two curves, corresponding to the cases where the quadratic term is absent/present, as the phase varies from [0, 2π]. Overall, we observe that the variation in phase has a significant effect on the system dynamics in the presence of the quadratic non-linearity. Mention needs to be made that the Lyapunov exponent for different cases did not provide conclusive evidence of chaos and this is attributed to the possibility that Perron effects [85] are playing a role. This claim is not verifiable due to unavailability of exact solutions for this system.
IV. OPTICAL FIELD VARIATION
In this section, the non-linear effects arising out of the quadratic coupling term is studied, as the optical power P o is increased, holding the microwave power fixed at P a = 9 µW . In the previous section, it was observed that the quadratic term influences the chaotic lifetime for optical powers as low as P o = 0.5 mW .
For P a = 9 µW , at relatively small optical powers, the system exhibits transient behaviour for a particular lifetime, before settling into periodic behaviour. Until an optical power of approximately P a = 3.7 mW , the system remains periodic, beyond which it shows a finite chaotic lifetime. As seen in Figure 6 , above certain threshold value of the optical power, the quadratic term has a strong influence on the system dynamics. There is a significant change in the chaotic lifetime, when the quadratic term is absent (present) shown in red (blue) curves. Beyond P a = 3.88 mW , when the quadratic term is absent, the chaotic lifetime is very large indicating that the system has settled into chaos. For the case with the quadratic term included, the system still shows a finite lifetime, before eventually approaching large lifetimes, when the optical power is increased beyond 3.9 mW . This difference shows that, with the quadratic term included, the system requires a higher threshold of optical Another parallel study conducted, is the effect of tuning the relative phase between the optical and microwave fields. Figure 7 shows for a value of φ = 3π 2 . Once again, the change in chaotic lifetime due to the presence/absence of the quadratic term is significant.
In the case of φ = 0 ( Figure 6 ), the blue (red) curve corresponding to the quadratic term being present (absent), are in phase, whereas, we observe that in the case of φ = 3π 2 shown in Figure 7 ), the blue curve leads the red curve. This difference is solely due to the effect of relative phase between the fields on the quadratic coupling term. To reiterate, all these results have been presented for the ratio between the coupling constants ( α quad α lin ) fixed at 10 −6 .
All these results indicate that, even for a very small coupling ratio, the quadratic term has a significant impact on the system dynamics in different parameter regimes. Therefore one cannot neglect the effect of non- linearity (quadratic coupling) for any potential applications of the system such as in random number generators and encrypted communications.
V. CONCLUSION
This study explores the parameter regime over which the non-linear effects become prominent, leading to significant changes in chaotic behaviour of a hybrid EOMS. A wider search of the parameter space has revealed that the onset of chaos, occurs at a considerably lower mi-crowave power in the presence of the quadratic coupling, as opposed to the absence of the same. In particular, it is observed that chaotic lifetimes are significantly altered when the non-linear effects are taken into account. The study presented here shows beyond a doubt that, the effect of quadratic coupling can not be ignored when one is studying features which depend sensitively on the system parameters, in this case chaos.
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